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Introduction

Jean Louis Marie Poiseuille (1797 — 1869)

@ French physician and physiologist
@ In 1828, he presented his doctoral dissertation Recherches sur la
force du coeur aortique

@ He was interested in flow of human blood in narrow tubes

R. Kohar (RMC) Hemodynamics 18 May 2012 3/23



Poiseuille’s Law

Theorem (Poiseuille’s Law)
The volume flux @ for a cylinder with length L is given by

_T™P1—DP2 4
@=5—1 ¢

where p; and p, denotes the pressure at the beginning and the end of
the tube respectively, and a is the radius.

Figure: This is a cylinder.
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Properties of Poiseuille’s Law

Corollary (Properties of Poiseuille’s Law)
There are three interesting properties that arise from Poiseuille’s Law
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Properties of Poiseuille’s Law

Corollary (Properties of Poiseuille’s Law)
There are three interesting properties that arise from Poiseuille’s Law
@ The flux is directly proportional to the fourth power of the radius.

Q@ The flux is directly proportional to the pressure difference p; — p
across the cylinder.

@ The flux is inversely proportional to the length of the cylinder L.
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Navier-Stokes equation

@ Navier-Stokes (NS) equations describes the motion of a fluid

R. Kohar (RMC) Hemodynamics 18 May 2012 6/23



Navier-Stokes equation

@ Navier-Stokes (NS) equations describes the motion of a fluid

Definition (Viscosity)
Viscosity is a measure of the resistance of a fluid which is being

deformed by shear stress or tensile stress. (You can think of it as the
“internal friction”.)
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Navier-Stokes equation

@ Navier-Stokes (NS) equations describes the motion of a fluid

Definition (Viscosity)
Viscosity is a measure of the resistance of a fluid which is being

deformed by shear stress or tensile stress. (You can think of it as the
“internal friction”.)

@ Assuming constant viscosity x then, the NS equation is
aﬁ = = _, —'2 N =
pl 5 +u-Vu | =-Vp+puVaui+f (1)

where p is the density, p is the pressure, fis the body forces, and
u = (u,v,w) is the flow velocity with components u, v, and w.
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Derivation of Poiseuille’s Law

We will derive Poiseuille’s Law in this section using the NS equation for
an incompressible fluid.

With the axisymmetric assumption that v = u(z, ), the NS equation
reduces to

0——@+uv2u
ox

8p_ 2

9z VU

where V2 in cylindrical coordinates is
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Derivation of Poiseuille’s Law

From the » component of the NS equation,

p (% + (a- V)) u, = —(Vt), + pVu,

and w is the only nonzero velocity component, which means that
op . .
e 0 = pressure is only dependent on z. i.e., p = p(z).

,
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Derivation of Poiseuille’s Law

Since v = u(r) and p = p(z), by a separation of variables argument,
we conclude each term of the equation is constant. Thus,

d
—p = constant.
dx

This means that the pressure is simply a linear function

b2 —p1
L

p=p1+ x

where p; is the initial pressure at z = 0, L is the “slope”, and p, is the
pressure at x = L.
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Derivation of Poiseuille’s Law

Then

Integrating with respect to r yields

d du [ rdp
/E<r5>dr— ded'f’

du 1 dp r?

rg_uda;2

where C' is an arbitrary constant.
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Derivation of Poiseuille’s Law

du 1dpr?

Tg_uda:Q

du 1 /dpyr C
dr  p\dz)2 r

Dividing by r

and integrating with respect to r

B 1 dp r?

u_,udxél

where D is an arbitrary constant.

R. Kohar (RMC) Hemodynamics 18 May 2012 11/23



Derivation of Poiseuille’s Law

No-slip condition: v = 0 atr = a.

We can then find D
1 dp

_Lap s
 Adp dwa
Substituting D into u yields,
_ldp 5 1dp 4
“= I dz 7 az”

= ;@[72 — a’] 3)

()

We can use Equation (3) that we derived for « to find the volume flux
for the length of the cylinder L.
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Derivation of Poiseuille’s Law

Q:/ 27tru du
0
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Importance of Poiseuille’s Law

Recall

Corollary (Properties of Poiseuille’s Law)
There are three interesting properties that arise from Poiseuille’s Law
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Importance of Poiseuille’s Law

Recall

Corollary (Properties of Poiseuille’s Law)
There are three interesting properties that arise from Poiseuille’s Law
@ The flux is directly proportional to the fourth power of the radius.

@ The flux is directly proportional to the pressure difference p; — p
across the cylinder.

© The flux is inversely proportional to the length of the cylinder L.

V.

@ For arteries, when they become restricted, then the blood
pressure in the artery required to supply the blood will rise
considerably to the fourth power of the artery’s radial reduction —
hypertension
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Helical Flow

Kilner et al. (1993)
@ Studied the aortic arch using 3D MRI velocity mapping

Figure: Schematic drawings to illustrate typical aortic arch flow development.
From Kilner et al. (1993).
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Helical Flow

Kilner et al. (1993)

@ Studied the aortic arch using 3D MRI velocity mapping

@ Confirmed their view that the twisted curvature of the aorta leads
to the dominance of a helix

@ The continuous flow gave rise to a right-handed helical flow field in
the upper curvature of the anatomically twisted arch, and during
pulsatile flow, a right-handed helix came to dominate during the
systole.
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Helical Flow

Kilner et al. (1993)

@ Studied the aortic arch using 3D MRI velocity mapping

@ Confirmed their view that the twisted curvature of the aorta leads
to the dominance of a helix

@ The continuous flow gave rise to a right-handed helical flow field in
the upper curvature of the anatomically twisted arch, and during
pulsatile flow, a right-handed helix came to dominate during the
systole.

@ The right-handed helical flow dominated when the walls of the
aorta traced part of a right-handed helical path.

Figure: Schematic drawings to illustrate typical aortic arch flow development.
From Kilner et al. (1993).
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Numerical Simulation

@ Finite Element Method (FEM) — numerical technique for finding
solutions to partial differential equations (PDEs)
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Numerical Simulation

@ Finite Element Method (FEM) — numerical technique for finding
solutions to partial differential equations (PDEs)

@ The aorta geometry was created using MRI data from the
Radiology Department of Geneva University Hospital.

@ With the 3D aorta geometry, it was imported into Autodesk
Multiphysics Simulation 2012 to run the fluid simulation
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Numerical Simulation

Figure: Creating the aortic geometry in Autodesk AutoCAD 2012
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Numerical Simulation

PRODUCED BY AN AUTODESK EDUCATIONAL PRODUCT

PRODUCED BY AN AUTCDESK EDUCATIONAL PRODUCT
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Figure: Meshed aortic geometry in Autodesk Multiphysics Simulation 2012
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Numerical Simulation

Fluid Nodal Welosity PRODUCED BY AN AUTODESK EDUCATIOMAL PRODUCT
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Figure: Steady state velocity streamline in the aorta.
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Helical Flow

Morbiducci et al. (2007)

@ Conducted a numerical study to look at the blood dynamics of
aortocoronary bypasses to see if the presence of helical flow
affected atherogenesis (plaque formation).
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Helical Flow

Morbiducci et al. (2007)

@ Conducted a numerical study to look at the blood dynamics of
aortocoronary bypasses to see if the presence of helical flow
affected atherogenesis (plaque formation).

@ Found a strong inverse relationship between the oscillating shear
index and their helical flow index.
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Helical Flow

Morbiducci et al. (2007)

@ Conducted a numerical study to look at the blood dynamics of
aortocoronary bypasses to see if the presence of helical flow
affected atherogenesis (plaque formation).

@ Found a strong inverse relationship between the oscillating shear
index and their helical flow index.

@ Suggested that the presence of helical flow may play a significant
role in preventing atherogenesis.
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Helical Flow

Questions for the Future
@ What is a good measure or way to quantify helicity?
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Helical Flow

Questions for the Future
@ What is a good measure or way to quantify helicity?
© What is the target amount of helicity in the aorta?
© How do we measure it non-invasively?
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